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. Abstract. In this note we show that the configuration spaces of the kinematic system constructed in [4] 

and [12] gives rise to a natural tower of sphere bundles. Moreover, we prove that, each tower of projective 
' bundles associated to special multi- flags ( cf [1], [13], [2], [3]), we can associate such a tower of sphere 

bundles which is a two-fold covering of the previous one. In particular we give a positive answer of some 
F \ conjecture proposed in [3] 
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1. Introduction 

A special multi- flag of step m > 1 and length fc > 1 is a sequence (see [5]): 

T: DkC Dk-i C • ■ • C C • ■ • C Di C Do = TM 

of distributions of constant rank on a manifold M of dimension (fc + l)m + 1 which satisfies the following 
conditions: 

(i) Dj-i = [Dj, Dj] is the distribution generated by all Lie bracket of sections of Dj. 

(ii) Dj is a distribution of constant rank {k — j + l)m + 1. 
, (iii) Each Cauchy characteristic subdistribution'^ L{Dj) of Dj is a subdistribution of constant corank one 

^ ' in each Dj+i, for j = 1, ■ ■ • , fc — 1, and L{Dk) ~ 0. 

00 I (iv) there exists a completely integrable subdistribution F C Di of corank one in Di . 

' (see section 2.1 for a more precise definition) 

■ The notion of special multi-fiags is described in some ways in [10] and [6]. Furthermore, for m > 2, it is 

0^ ' proved in [1] and [13] that the existence of a completely integrable subdistribution F of Di implies property 

, (iii), and when such a distribution F exists, it is than unique ( see Theorem 2.1). When m = 1 a special 

multi-fiag is a Goursat fiag, and, in this case, the conditions (iii) and (iv) are automatically satisfied but 
for such a distribution F is not unique. One fundamental result on Goursat fiags is the existence of locally 
universal Goursat distributions proved by R. Montgomery and M. Zhitomirskii in [8]: the "monster Goursat 
, J - manifold" which is constructed by applying Cartan prolongations fc times. On the other hand, the kinematic 

rS [ system of a car with fc — 1 trailers can be described by an appropriate Goursat distribution on R2x($1)'= 

and moreover, this configuration space is diffeomorphic to the Cartan prolongation of the distribution Afc_i 
on R2 X (S^)*-^ (see Appendix D of [8]). 

The essential result of this note is to proved a generalization of this last result for special multi-flags of 
step m > 2 

More precisely, special multi-fiags can be considered as a generalization of the notion of Goursat flags 
and the fundamental result of [1] and [13] is again obtained by Cartan prolongation (see also [6]). So, in 
this situation, we can also defined a "monster tower" by sucessive Cartan prolongations of TR™^^ (see for 
instance[l], [13], [2] or [3] ). On the other hand, we can construct a kinematic system, called articulated arm 
in [12], and also called system of rigid bars in [4]. The configuration space C'°(m) of such a kinematic system 
is diffeomorphic to R™"*"^ x (S™)*, and and this system is characterized by a distribution Vk which generates 
a special multi-flags of length fc (see section 3.1). 

On one hand, by Cartan prolongations, we have a tower of projective bundles: (see section 2.2) 

(1) > P''{m) P''-^{m) -> > P^{m) -> P°{m) ■- R'"+' 

On the other hand we can also define a natural notion of "spherical prolongation" which also gives rise 
to a tower of sphere bundles (see section 2.3) 

(2) > P''{m) ^ P'=-'(m) ^ > P\rn) P°{m) ■- R'"+' 



^Uiiiversitc dc Savoic, Laboratoirc de Mathcmatiques (LAMA) Campus Scientifiquc, 73376 Le Bourgct-du-Lac Ccdcx, 
France. E-Mail: pelleticr@univ-savoie.fr. 
"^see section 2.1 



2 



CONFIGURATION SPACES OF A KINEMATIC SYSTEM AND MONSTER TOWER OF SPECIAL MULTI-FLAGS 



Note that we have a canonical 2-fold covering 

for any k > 1 and m > 2. 

The essential result of this note is: 
Theorem 1. 

Let be Ak the canonical distribution obtained on P''(rn) after k-fold "spherical prolongation". Than we have: 

For each k > I and m > 2, there exists a diffeomorphism from P^(m) on C'°{rn) such that: 

(i) if n'' : P''{m) — >■ P^~^(rn) and : C''{m) — > Cfc-i(m) are the canonical projections, we have: 

k ifc — 1 " k 

p o <P = <P on 

In particular, this result gives a positive answer to a conjecture proposed in section 6 of [3] . 

Here is a short description of this note. The section 2 recall, in the first part, the context of special 
multi-flags, Cartan prolongation and the construction of the tower of projective bundles (1). In the second 
part we give a definition of "spherical prolongation" and the construction of the tower of sphere bundle (2). 

In a first part of section 3, wc expose the context of the kinematic system of an articulated arm and its 
properties. The proof of Theorem 1 is given in the last part of this section. 

2. Preliminaries 

2.1. Special multi-flags. 

A distribution D on a manifold M is an assignement D : x —i- C TM of subspace of of the tangent 
space TxM. A local vector field X on M is tangent to D if for any X{x) belongs to Dx for all x in the 
open set on which X is defined. A distribution is called a smooth distribution if there exists a set X of of 
local vector fields such that is generated by the set {X{x), X € X}, we then say that D is generated by X. 

In this paper any distribution will be smooth and we denote by T{D) the set of all local vector fields 

which arc tangent to D. Such a distribution will be called a distribution of constant rank if D defines is 
a subbbundle of TAd. According to [1] and [13], any pair {M,D) of a distribution of constant rank on a 
smooth manifold M will be called a differential system. Given two difi'crential systems (M, D) and (A*', A), 
we will say that {M,D,x) is locally equivalent to (A, A,j/) if there exists an open neighbourhood U of x 
in M and a diffeomorphism from U onto an open neighbourhood V ofy = 4>{x) in A^ so that 4>,t(D^u) = Ai^^. 

The Lie square of a distribution D is the distribution denoted which is generated by the sets T{D) 
and {[X, y], X,Y € T{D)}. The Cauchy characteristic distribution L{D) of a distribution D is the 
distribution generated by the set vector fields {[A:,y], X,Y € T{D) such that [X,Y]{x) € D^}. If L{D) is 
a distribution of constant rank, then it is an integrable distribution. 

A special multi-flag of step rn > 2 and length fc > 1 is a sequence (see [5]): 

T:D = DkC Dk-i C ■■■ C Dj C ■■■ C Di C Do = TM 

of distributions of constant rank on a manifold M of dimension (fc + l)m + 1 which satisfies the following 
conditions: 

(i) = {D.f. 

(ii) Dj is a distributon of constant rank {k — j + l)m + 1. 

(iii) Each Cauchy characteristic subdistribution L{Dj) of Dj is a subdistribution of constant corank one 
in each Dj+i, for j = 1, ■ ■ ■ ,k — 1, and L(Dk) = 0. 

(iv) there exists a completely integrable subdistribution F C of corank one in D\ . 

In the following, a flag which satisfies conditions (i), (ii) but not conditions (iii)and (iv) will be just called 
a multi-flag of step m or a m-flag and we say that F is generated by D. 

The necessary and sufficient condition of a multi-flag to be a special multi-flag is given by the following result 
(see [1] Proposition 1.3 and [13] Theorem 6.2) ) 



Theorem 2.1. [1],[13] for k>2, a m-flag 

F :D = DkC Dk-i C ■■■ C Dj C ■■■ C Di C Do = TM 
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is a special multi-flag if and only if there exists a completely integrable subbundle F of Di of corank 1. 
Moreover, if such a subbundle F exists, F is unique. 

According to the previous the definition of a special multi-flag, we obtain the following sandwich diagram: 

Dk C Dfc-i C • • • C Dj C • • • C Dx C Do = TM 

u u • • • u • • • u 

L{Dk-i) CL{Dk-2) C---C i(Dj-i) C---C F 

All vertical inclusions in this diagram are of codimension one, while all horizontal inclusions are of codimen- 
sion k. The squares built by these inclusions can be perceived as certain sandwiches, i.e each "subdiagram" 
number j indexed by the upper left vertices Dj : 

Dj C Dj-x 
U U 

is called sandwich number j. 

We can read the length s of the special multi-flag by adding one to the total number of sandwiches in the 
sandwich diagram. 

In a sandwich number j, at each point x e M , in the (rn,+l) dimensional vector space Dj-i / L{Dj-i){x) we 
can look for the relative position of the m dimensional subspace L{D j-2) / L{D j-i)(x) and the 1 dimensional 
subspace Dj/L{Dj-i){x): 

either L{Dj-2)/L{Dj-x)(x) ® D^ / L{Dj-i){x) = Dj-i/L{Dj-i){x) 

or D,/L{D,.^){x) C L(D,_2)/L(D,_i)(x). 
We say that a; £ M is a regular point if the flrst situation is true in each sandwich number j, for j = 1, • • • ,k. 
Otherwise x is called a singular point. 



2.2. Cartan prolongation and tower of projective bundles. 

Let be D a distribution of constant rank m + 1 on a manifold M of dimension n. Classically the Grass- 
mannian bundle G{D, 1) on M is the set 

(3) GiD,l,M) ■= \J P{D{x),l) 

xeM 

where P{D{x), 1) is the projective space of the vector space D{x). So we have a bundle tt : G{D, 1) M 
whose fiber it~^{x) is diffeomorphic to the projective space RP™. The rank one Cartan prolongation 
is the distribution D'^' defined in the following way: given a point {x, A) £ G{D, 1) then 

(4) d[1\^ := dn-\X) C T^,,x)G{D, 1, M) 

where A is a direction of D{x). Then D*^^' is a distribution on G{D, 1, M) of constant rank m + 1. As in 
[13], for any m > 2 and fc > 1 we obtain inductively a tower of bundles: 

(5) > P^m) ^ P''-\m) -f > P\m) P"{ni) ■- K™+i 

where, for any j = 0, - ■ ■ ,k, P^{m) is a manifold of dimension [j + l)m + 1, and on each P^{m), Aj is a 
distribution which are defined inductively by : 

P^(fc) = G{A,-i,l,P'-\m)) and A,- = (A.-i)^^' for j = 1, • • • , fc and Ao = TW^+K We have then the 

following result : 

Theorem 2.2. [13] 

(1) On P'^{m), the distribution Ak generates a special multi-flag of step m and length k. 

(2) let be : D = Dk C D^-i C • • • C C • • • C Di C Do = TM a special 
multi-flag of step m > 2 and length fc > 1 . Then, for any x € M, there exists y & P'" (m) for which 
the differential system (P*(m), As, ?/) is locally equivalent to the differential system {M,D,x). 

Remark 2.1. 

The pari 2 of Theorem 2.2 can be found precisely in [13] called "Drapeau Theorem". However, according to 
the definition of a special multi-flag, we can easily deduce this result from Theorem 2 of [6] . 
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2.3. Spherical prolongation, Cartan prolongation and tower of sphere bundles. 

Let he D a. distribution of constant rank m + 1 on a manifold M of dimension n. Choose any riemannian 

metric g on M, and wc denote by S{D, M, g) the unit sphere bundle of D associated to the induced riemannian 
metric on D. So we get a bundle tt : S{D, M, g) — > M . On S(D, M, g), we consider the antipodal action of 
Z2. Clearly, the quotient of S(D, M , g) by this action can be identified with G{D, 1,M) and the associated 
projection t : S{D,M,g) G{D,1,M) is a bundle morphism over M, and also a two-fold covering. In 
particular r is a local diffeomorphism. On S{D,M,g) we consider the distribution Z)'^' defined in the 
following way 

(6) d[^'_^j := {v € T(^^^^)S{D, M,g) such that dit{v) = \v for some A £ R} 

where is a norm one vector in D{x). 

The distribution D^^^ is called the rank one spherical prolongation of (M, D, g) 

Remark 2.2. 

In fact, the unit sphere bundle of S{D,M) is defined as soon as we fix some riemannian metric on D. In 
this case, the distribution D'^' is also well defined. 

Lemma 2.1. 

(i) we have t,D^'^^ = D*-^^ 

(ii) There exists a canonical riemannian metric g on S{D,M,g) which is uniquely defined from the 
riemannian metric g on M. 

Proof. 

At first we show part (i) locally. Choose a chart domain U over which D is trivial. We choose an orthonormal 
frame {eo, ■ ■ ■ e-m} of D over U. Without loss of generality we can assume that D^u = R" X R"+^ so, the 
bundle S{D, M, g)^u is isomorphic to to R" x $™ and G{D, 1, M)^u is isomorphic to R" x RP"". So locally, 
T : R" X ->■ R" X RP"" is the map (x, v) — >■ (x, [u]) where [u] is the line bundle generated by v. Prom the 
definition of dS^' , and r ,n we have T*(Z)P' A = D^V r n- As r is a local diffeomorphism we get the 

part (i) locally. On the other hand, the map d : S{D,M,g) — >■ S{D,M,g) given by a{x,v) = (a;, — i^) is a 
diffeomorphism which commutes with r. Prom the definition of of D^^\ we get 

This ends the proof of part (i). 

Por part (ii), denote by g the canonical riemannian metric on TM associated to g. As, S(D, M ,g) can be 
considered as a submanifold on TM we get an natural induced riemannian metric g on S{D, M,g). 

□ 

Let be go and g\ two riemannian metrics on M. We denote by Si{D, M) the sphere bundle of D associated 
to the metric gj, and Z)!^' the spherical prolongation of (M, D, gi) for i = 0, 1. 

Lemma 2.2. 

There exists a canonical isomorphism of sphere bundle 4> ■ So{D,M) — >■ Si{D,M) such that V'*(Dq^') = Z)[^' 
Proof. 

Let he D° = \J [D^ \ {0}]. Then D° is an open submanifold of D G TM. On D° we consider the map 

xeM 

^{x, u):D°^ D° defined by 

= {x, " ). 

[gl(u,M)]l/2 

If n : Z) — > M is the projection bundle, for any {x, u) £ D, there exists a neighbourhood tj = n~^({7) n D° 
of (a;, u) in D° such that over this open, TD°^ can be identified with IJ x TxM x Dx. Then, In this context, 
we have : 

It is easy to sec that ^ is a diffeomorphism from D° into itself which commutes with II and which sends 
So{D, M) to S]_(D, M). So the restriction of to So{D, M) is a diffeomorphism onto S]_{D, M). Moreover, 
from (7), d^ map the the linear span Rm into itself, for any u in the fiber D% over x. So we have 



□ 
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Consider a differential system (M', D') and 4> : M ^ M' an injective immersion such that 4't{Dx) C D'^(^~^ 
for any x € M. Given any riemanian metric g' on M' , we get an induced riemannian metric p on M and 
we can consider the associated spherical prolongation then we have: 

Lemma 2.3. ; 

in the previous context, let be 4> : S{D,M,g) — > S{D' , M' , g') the map defined by 

4>{x,v) = {(t>{x),d^(j>{y)). 

Then 4> is a bundle morphism over which is an injective immersion and such that 

(i) 4>{S{D,M,g)) = S{MD),HM),g') 

(ii) <^.pW) = C 

Moreover, if (j) is a diffeomorphism such that (j)»{D) = D' , then 4> is also a diffeomorphism and we have 
0*(-D'^') = (_D')'^1 and the riemannian metric 4>*g' is nothing but the canonical metric g naturally associated 
to g on M. 

Proof. 

As in Lemma, consider the map <f>(x,u) = {<j){x),dx<j){i^))- From our assumptions , we get a smooth map 
from S{D, M, g) to S{D' , M', g') and from its definition, clearly (f) is a, bundle morphism over (j). As </> is an 
injective immersion, it follows that at first ^ is injective. 

Note that the tangent space T(^x,iy)Sx of the fiber Sx over x of S{D, M,g) can be identified with 

{v e Dx such that giv^v) = 0}. 

Now any V € T(^x,i')S{D, M,g) can be written V — {u, v) with u G TxM and v £ T^x,i^)Sx- So we have then: 

(8) d(x,v)4>{u,v) = {dx(t>{u),dx(j>{v)) 
So, (j) is an immersion, from (8). 

On the other hand, as <j)*g' = g, dx4> is an isometry on its range, and then, dx(f){Sx) is the fiber over 4>{x) 
of S{4>»{D),4){M),g') and we get (i). 

Let be tt : S{D, M, g) -¥ M and tt' : S'{D' , M' , g') — ^ M' the natural projections. We have then : 

dit' o d0 = d<f) o cZtt 

So, we get : 

{<^,(£)W)}^(^_^) ={4(m,w), {u,v)£T(x,,)S{D,M,g) d%{u,v) = Xu A e R} 

= v), {u, v) € T(^x ,^)S{D, M, g) dtfi o dn{u) = dn' o d4>{u, v) = Xd(t>{i') A e K} 

this ends the proof of (ii). 

Assume now that is a diffeomorphism such that 4>*{D) = D' and let be i/> = 4>~^ . From the definition 
of and t/i , it follows trivially that ip o <f) — Id. On the other hand, from the definition of [(?i»(_D)]'^', as dx(l> 
is an isomorphism, wo must have 

= {(£>') Finally, by assumption, is an isometry from {M,g) to {M',g'), dcj) is 
also an isometry for {TM,g) and {TM',g') if g and g' are the canonical riemannian metric on the tangent 
bundle induced by g and g' respectively. As by construction g and g' are the restriction respective of g and 
g' to S{D,M,g) C TM and S{D',M',g') C TM' we get the last property and this ends the proof of the 
Lemma. 

□ 

So, as in the context of Cartan prolongation, for any m > 2 and fe > 1 we can define, inductively, a tower 
of sphere bundles (for a fixed choice of the metric g on a manifold M): 

(9) P'=(M) P'="^(M) -> >■ P^(M) ->■ P°{M) := M 

where, for any j = 0, - ■ ■ ,k, P^{M) is a manifold of dimension (j + l)m + 1, and, on each P^{M) we have 
a canonical distribution Aj and a riemannian metric gj on P^{M), all defined inductively in the following 
way : 

P^(M) = 5(A,_i,P^-i(M),<7,_i), 

Aj = (Aj_i)[^l for j = 1, • • • , fe and A„ = TM, 

gj is the riemannian metric gj-\ on S(Aj-i, P^^^ (M), gj-i) associated to gj-i for j = 1, • • • ,k and go = g. 

Note that if g' is another riemannian metric on M, according to Lemma 2.2 and Lemma 2.3, by induction 
we get a family of diffeomorphisms ip^ such that, if : 
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> P'*'{M) -5. P"=-i(M) )■ P'^{M) P'°{M) := M 

is the tower of sphere bundles associated to the choice g' on M we have, for all j = 0, • • ■ ,k : 

1/)-' is fiber preserving 

So the properties of the tower (9) is independant of the choice of the riemannian metric g on 

M. For simplicity we write (m) := _P-' (M'"+^) for any j £ N. From Theorem 2.2, and Lemma 2.1 we get : 

Theorem 2.3. Let be 

(10) P'=(m) ^ P'=-'(m) y P\m) P\m) := R'"+' 

the tower of sphere bundles associated to the canonical metric on K'"+^. 

(1) we have a canonical two-fold covering Tk ■ P''{m) P''{m) such that 

(2) On each manifold P''{m), the distribution generates a special multi-flag of step m and length k. 

(3) let be T : D = Dk C Dk-i C • • • C Dj C • • • C /3i C Do = TM a special multi-flag of step m > 2 
and length A; > 1. Then, for any x € M, there exists y € P''{m) for which the differential system 
(P*(m), As, J/) is locally equivalent to the differential system {M,D,x). 

The tower (10) will be called the spherical tower of special multi-flags of step k. 

3. Tower of sphere bundles associated to an articulated arm 
3.1. A kinematic system: articulated arm. 

According to [12], an articulated arm of length fc is a series of k segments [Mi; Mi+i], i = 0, • • • , fc — 1, in 
R'""'"^, with m > 2, keeping a constant length k = 1 between Mi and Mj+i, and the articulation occurs at 
points Mi, for i = 1, • • • ,k — 1. 

The kinematic evolution of the extremity Mo, under the constraint that the velocity of each point Mi, i = 
0, • • • ,k — l, is collinear with the segment [Mj, Mj+i] is completely described in [12]. Note that such a system 
is also studied in [4] and is called a "k-bar system". The kimematic evolution of this mechanical system can 
be described in hyperspherical coordinates (sec [12]). We can associated to this problem a special multi-flag 
of step m > 2 and length A; > 1 as explained in the following: 

We can decompose (R'"+i)*+i, into a product R'S'+^ x • • • R'^+^ x • • • R'^+\ Let Xi = {xl,-- - , x'^+^) be 
the canonical coordinates on the space R^"*"^ which is equipped with its canonical scalar product < , >. 
j^]g,m+i^fe+i jg -then equipped with its canonical scalar product too. 

Consider an articulated arm of length k denoted by {Mo, ■ ■ ■ Mk). On (R'"+^)*+^, consider the vector 
fields: 

"1+1 o 

(11) ;^«+i-<)^fori = 0,...,A;-l 

r=l * 

Prom our previous assumptions, the kinematic evolution of the articulated arm is described by a controlled 
system: 

a — 1 m+1 

(12) g = ujZi + u„+r - 



d 



i=0 



with the following constraints: 

\\xi - Xi+i\\ = 1 for i = • • • - 1 (see [4] or [12]). 

Consider the map 'ifi{xo, ■ ■ ■ ,Xk) ~ \\xi — Xi+i\\^ — 1. Then, the configuration space C^{m) is the set 
(13) {{xo, ■ ■ ■ ,Xk), such that '^i{xo, ■ ■ ■ ,Xk) = for i = 0, • • • ,fe — 1} 

For i = 0, • • • ,k — 1, the vector field: 

m + 1 p. 

(14) 

is proportional to the gradiant of 

So the tangent space TqC"{k) is the subspace of rq(R'"+^)*+^ which is orthogonal to Ai(g) for i = 0, • • • ,k-l. 
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Denote by £k the distribution generated by the vector fields 
Lemma 3.1. [12] 

Let Vk he the distribution on C*(m) defined by A(g) = TqC n £. Then Vk is a distribution of dimension 
m+1 generated by 

{xl-xl_{)\^ AjZ^] + forr = l---m+l 
where Aj{q) =< Mj{q),Mj-i{q) >= - < Zj{q),J\fj-i{q) > for j = !,■■■ , fe - 1 and Ak = 1- 

The properties of Vk are summarized in the following result, (see [12] also [4]) 
Theorem 3.1. 

OnC^{m), the distribution T)k satisfies the following properties: 

(1) Vk IS a distribution of rank m + 1. 

(2) The distribution T>k is a special multi-flag on C''{m) of step m and length k. 

3.2. Articulated arm and spherical prolongation. 

To an articulated arm on R"*"*"^ (m > 2) of length A; > 1 we can associate the following canonical tower 
of sphere bundles: 

(15) C'=(m) ^ C*^'(m) ^ C'(m) C°{m) := R"'+' 

where for = 1, • • • fe, the projection C^{m) —i- C^~^{m) is the restriction of the canonical projection 
R^+i X •••Rf+i X ••• X EJ'+i -5- RS'+^ X •••Rf+i X ••• X Rf_+i 

{Xo,--- ,Xj-l,Xj) ->• {Xo,--- ,Xj-l) 

According to Theorem 3.1, and Theorem 2.3, we know that the differential system (C'°(?n), X>fe)) asso- 
ciated to an articulated arm of length k on R'"'*"'^ is locally isomorphic to the canonical differential system 
{P''{m),Ak) at some appropriate points. In fact, we have more: (see Theorem 1 in the introduction) 

Theorem 3.2. 

For each k > 1 and m > 2, there exists a diffeomorphism from P^{m) on C'^im) such that: 

(i) if ■ft'' : P''{m) — >■ P''~^(m) and p'' : C'°(m) —^Ck — l(m) are the canonical projections, we have: 

(ii) *J(Afc) =X>fc 

So according to Theorem 2.3 from Theorem 3.2 we have : 

Theorem 3.3. Let be T : D ^ Dk C Dk-i C ■ ■ ■ C -Dj C ■ ■ ■ C -Di C A) = TM a speaal multi-flag of 
step m > 2 and length k >1. Then, for any x G M, there exists y £ C'°(m) for wich the differential system 
{C''{m),'Dk,y) is locally equivalent to the differential system {M,D,x) . 



The end of this section is devoted to the proof of Theorem 3.2. At first, we need some auxiliary results. 

The following Lemma is partially proved in [12], however, for completeness of this note, we give a proof 
of this result . 

Lemma 3.2. 

For k > 1, consider, on C*(m), the natural decomposition: 

[T(R"'+i)*+i]|c.(„) = TC'im) © [TC\m)]^ 

where [rC*(m)]^ is the orthogonal ofTC''{m). 

Denote by U the orthogonal projection of [T(R'"+i)'"+^]|cfe(^) on TC''{m). 

(1) The family of vector field {n(-^-^ — )(p); ^ = 1, • • • m + 1} generates the tangent space at p € C*(m) 
of the sphere of equation = , i = 0, ■ ■ ■ ,k — 1. 
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(2) On C''{m), let Ck be the involutive distribution whose leafs are defined by */c-i = 0. The distribution 
Vk, is generated by Ck and the vector field Xk = ]^ AjIl{Zi). 

Moreover Zi — Il{Zi) is tangent to the sphere of equation ^i-i = , i = 1, - ■ ■ ,k — 1 and Zq = Zq. 

(3) The distribution Vk is also generated by the vector fields 

(xl - xl_i)Xk + n(^) /or r = 1 • ■ • m + 1 

Proof. 

At first, for any p £ C''{rn), note that 

Ap = {v G £p such that <v,iy>= 0, e [TpC''{m)]^} 
SO Vs is nothing but Il{£s)- 

Note that, at each point p = (xo, • • • , Xk) € C''{m), the vector -^—^ — (p) satisfies 

d 

dx^ii— ) = 0, for any r,s = 1 ■ ■ ■ ,m + 1 and j = 0, ■ ■ ■ i,i + 2, ■ ■ ■ ,k 

9x1+1 

or fielc 

of equation = which proves (1) 



So, the family of vector field {n(-^-^ — ^ = 1, • • • m. + 1} generates the tangent space at p of the sphere 



The integrable distribution J^k , on (R'"+^)'°+^. generated by {7^— — ,r = 1, • • ■ m + 1}, is contained in £, 

and the distribution Ck = n(J^fe) induced on C''{m) by Tk is also integrable and, of course is contained 

d 

in T>k. In particular, Ck is generated by {Il{——p),r = l,---m + 1}. Prom Lemma 3.1, the vector field 



k—l k m+1 ^ 

a 



'dxl 



Y = AjZi] + [^^{xk — Xk_i)-^-^] is tangent to C'°(m). But Vk is a distribution of constant rank 

i=0 j=i-}-l r=l ^ 

m+1 and Ck is an (integrable ) subdistribution of rank m. It follows that Dk is generated by Ck and Y. 
On the other hand, as Y is tangent to C''"(m) we have: 

fc-l k m+1 

y = n(y) = [^ H A,u[z,]] + u[J2{xi-xi_,)-£:] 

i—0 j — r=l ^ 

As n[y^(a;fc — Xk-i)-^—^ — ] is tangent to Ck, it follows that Dk is generated by Ck and 

fc-l k 
i=0 j=i+l 

On the other hand we have 

"1+1 o 

(16) = ii{Zi) = - ^nn(^) 

r — 1 * 

So, from (1), Zi is tangent to the sphere of equation ^",-1 = 

On the other hand, according to Lemma 3.1, Vk and using same arguments as previously, we obtain that 
Vk is also generated by 

d 

{xl - xl_i)Xk + n(— ) for r = 1 ■ ■ ■ m + 1. 

"Xk 

□ 

Proposition 3.1. 

(1) There exists a bundle isomorphism * : 'Dfc ->■ C'°(m) x R"'+^ 

(2) Let be jk a riernmaniann metric on the bundle T>k so that the rnorphisrn ^' is an isornetry between T>k and 
C''{m) X E^^^ (for the canonical euclidian product on the fiber MJ"'^^). Then 4/ induces a diffeomorphism 
* : S{Vk,C''{m),jk) -^C''+^{m) such that 

(i) ^' commutes with the canonical projections S{Vk,d'{rn),^k) — ^ C''{m) and C''~^^{m) C''{m). 
(11) =©fe+i. 
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Proof. 

Prom Lemma 3.1 part (3), the bundle I>k has m + 1 non-zero global sections 

(17) {xl - xl_,)Xk + n(-^) for r = 1 • • • m + 1 

SO Vk is a trivial bundle. It follows that there exists a bundle isomorphism 
* : I>fc ^- X K'"+i which ends pat (1). 

Put on Vk the riemannian metric 7fc = '^*g where g is the canonical euclidian product on R'"+^. Now 
the map f : x (R"'+i)'=+2 defined by 

r(a;o,a;i, • • • ,Xk,z) = (xo,xi, • • ■ ,Xk,Xk + z) 

is a diffeomorphism. So the restriction F of F to C*(m) xS"^ is a diffcomorphism F : C'=(m) x$™ C*+^(to). 
Finally, 'I' = Fo# induces, by restriction, a diffeomorphism : S{'Dk,C'^{m),^k) —> C'°+^(m) which commutes 
with the canonical the projections: 

S(I>fc,C*(m),7fe) ^C*(m) and C''+\m) C'' (m) . 

On Dk, we have a riemannian metric so that the global basis given in (17) is orthonormal. It follows that 
the map * : S{'Dk,C'° {m),^k) -> C*+^(m) is given by 

*((a;o,a;i, • • • ,Xk,i') = {{xo,xi,--- ,Xs,Xk + 

So, in the global chart of S{'Dk,C''{m),yk) defined by 5', according to (17), the spherical prolongation ('Dfc)'"'' 
of "Dk is generated by the tangent space to the sphere centered at Xk and the vector field 

^ (xl+i - xl){xl - xl_i)Xk + ^ (xl+i - xl)n{—) 



m+l g 



Note that {xk+i — Xk) -^-^ = Zk+i According to Lemma 3.2 part (2) applied at level A; + 1, we have then: 

1 ^^k 

r=l ^ 

m+l 

{xl+i - xl){xl - xl_i)Xk + n{2k+i) = Ak+iXk + U{Zk+i) = Xk+i 

r=l 

Again from Lemma 3.2 part (2), we get: 

^4{Vkf^]=Vk+i 

□ 

Proof of Theorem 3.2 

Note that on the tangent bundle TR'""'"^ , we can put the global chart defined by the map {xi,X2) — > 
{xi,X2 — xi). On the other hand, the riemannian metric gi on TR™"*"^ induces by the canonical mctic g is 
again the canonical metric on the product R'"+^ x R'"+^ It follows that S'(TR'"+\K™+1) C TK™+^ can be 
identified with R"'+^ x S'' as submanifold of x R'"+i So we have 

r(^,,)S(rR'"+\R'"+') = {{u,v) € T(^,,)(R'"+' X R'"+1) such that g{u,u) = 0}. 

m + l g 

Recall that Zq = (a;! — xq)——^ on R'""'""' x R'""'""'. In the previous coordinates, any tangent vector of 

OX; 



r = l 







]^m+i ^ point Xi can be written {xi,X2 — Xi). So, Zq defines a global section of the unit bundle associated 
to TW^+^ 

According to Lemma 3.2, the distribution Vi is generated by 

RZo and 7^"^ in TW^+^ x TS"" = TS{Tm."'+\R'^+^). If Hi : R"'+^ x ^ R'"+i denote the natural 
projection , for any v = XZq + w € {I>i}(a,,„) with w € T$'', we have dlli{v) = \v so, Ai = (TR'"+^)[^1 and 
we get the result for fe = 1. 

Assume that we have a diffeomorphism : P'^{m) — > d°{rn) which satisfies the properties (i), and (ii) 
of Theorem 2.3. 

From Proposition 3.1, we have diffeomorphism ^I" : S{T)k,C'" {m),^k) — >■ C'°"'"^(m) so that 
^'t[(2?fc)'^'] = f fc+i and which commutes with the natural projections 

5(Dfe,C'=(m),7fc) ^C'=(m) and C'''+'(m) ^ C'=(m) 

According to previous induction, we can put on P^ (m) , the riemannian metric 
7fc = (*'')*(7fc). Prom Lemma 2.3, we can extend : P*(m) C*(m) into a diffeomorphism !>* : 
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S'(Afc,P'°(m),7fe) S{'Dk,Ck,lk) such that $J[(Afe)l^)] = (Oj:)'^' and which commutes with the natural 
projections 

S'(Afe,P*=(m),7fc) ^P'=(m) and C'=+'(m) ^ C'=(m) 

Finally, according to Lemma 2.2, when we put on P'°(m) the riemannain metric induces by induction on the 
tower bundle (9), we also have a diffeomorphism 

$ : P'°"'"^(m) — > ^(Afc, P*'(m),7fc) which commutes with the canonical projections 
P''+\m)^ P^{m) and S{ku,P''{m),%) ^ P''{m) 
and such that ^>»(A/;+i) = A|3'- 

□ 

4. Conclusion 

According to Theorem 2.3 and Theorem 3.2, from towers (10) and (15) we get the following diagram each 
vertical map is a 2-fold covering for A: > 1: 

••• ^C*(m) ->C'=-i(m) ^C\m) ^ C"(m) := R'^+i 

■J' ^ ' ' ' 4" \- 

■■■ -^P'^im) -^P''-\jn) ^P\m) ^ P°(m) := E'"+' 

Taking in account the results of [2] and [3], in a for coming paper ([7]) we will give the direct links 
between the "RVT" code for curves and the definitions of singularities classes given in [5] and [6] and also 
their interpretation in the previous kinematic system (articulated arms) which are defined in [11]. 
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CONFIGURATION SPACES OF A KINEMATIC SYSTEM AND MONSTER TOWER 

OF SPECIAL MULTI-FLAGS 
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O 

<N . 

. Abstract. In this note we show that the configuration spaces of the kinematic system constructed in [4] 

and [12] gives rise to a natural tower of sphere bundles. Moreover, we prove that, each tower of projective 
' bundles associated to special multi- flags ( cf [1], [13], [2], [3]), we can associate such a tower of sphere 

bundles which is a two-fold covering of the previous one. In particular we give a positive answer of some 
F \ conjecture proposed in [3] 

lO ■ AMS classification: 53, 58, 70, 93. 
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1. Introduction 

A special multi- flag of step m > 1 and length fc > 1 is a sequence (see [5]): 

T: DkC Dk-i C • ■ • C C • ■ • C Di C Do = TM 

of distributions of constant rank on a manifold M of dimension (fc + l)m + 1 which satisfies the following 
conditions: 

(i) Dj-i = [Dj, Dj] is the distribution generated by all Lie bracket of sections of Dj. 

(ii) Dj is a distribution of constant rank {k — j + l)m + 1. 
, (iii) Each Cauchy characteristic subdistribution'^ L{Dj) of Dj is a subdistribution of constant corank one 

^ ' in each Dj+i, for j = 1, ■ ■ • , fc — 1, and L{Dk) ~ 0. 

00 I (iv) there exists a completely integrable subdistribution F C Di of corank one in Di . 

' (see section 2.1 for a more precise definition) 

■ The notion of special multi-fiags is described in some ways in [10] and [6]. Furthermore, for m > 2, it is 

0^ ' proved in [1] and [13] that the existence of a completely integrable subdistribution F of Di implies property 

, (iii), and when such a distribution F exists, it is than unique ( see Theorem 2.1). When m = 1 a special 

multi-fiag is a Goursat fiag, and, in this case, the conditions (iii) and (iv) are automatically satisfied but 
for such a distribution F is not unique. One fundamental result on Goursat fiags is the existence of locally 
universal Goursat distributions proved by R. Montgomery and M. Zhitomirskii in [8]: the "monster Goursat 
, J - manifold" which is constructed by applying Cartan prolongations fc times. On the other hand, the kinematic 

rS [ system of a car with fc — 1 trailers can be described by an appropriate Goursat distribution on R2x($1)'= 

and moreover, this configuration space is diffeomorphic to the Cartan prolongation of the distribution Afc_i 
on R2 X (S^)*-^ (see Appendix D of [8]). 

The essential result of this note is to proved a generalization of this last result for special multi-flags of 
step m > 2 

More precisely, special multi-fiags can be considered as a generalization of the notion of Goursat flags 
and the fundamental result of [1] and [13] is again obtained by Cartan prolongation (see also [6]). So, in 
this situation, we can also defined a "monster tower" by sucessive Cartan prolongations of TR™^^ (see for 
instance[l], [13], [2] or [3] ). On the other hand, we can construct a kinematic system, called articulated arm 
in [12], and also called system of rigid bars in [4]. The configuration space C'°(m) of such a kinematic system 
is diffeomorphic to R™"*"^ x (S™)*, and and this system is characterized by a distribution Vk which generates 
a special multi-flags of length fc (see section 3.1). 

On one hand, by Cartan prolongations, we have a tower of projective bundles: (see section 2.2) 

(1) > P''{m) P''-^{m) -> > P^{m) -> P°{m) ■- R'"+' 

On the other hand we can also define a natural notion of "spherical prolongation" which also gives rise 
to a tower of sphere bundles (see section 2.3) 

(2) > P''{m) ^ P'=-'(m) ^ > P\rn) P°{m) ■- R'"+' 
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France. E-Mail: pelleticr@univ-savoie.fr. 
"^see section 2.1 
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Note that we have a canonical 2-fold covering 

for any k > 1 and m > 2. 

The essential result of this note is: 
Theorem 1. 

Let be Ak the canonical distribution obtained on P''(rn) after k-fold "spherical prolongation". Than we have: 

For each k > I and m > 2, there exists a diffeomorphisrn from P^(m) on C''{m) such that: 

(i) if n'' : P''{m) — >■ P^~^(rn) and : C''{m) — > Ck — l(m) are the canonical projections, we have: 

k ifc — 1 " k 

p o <P = <P on 

(ii) ^1{Ak)=Vk 

In particular, this result gives a positive answer to a conjecture proposed in section 6 of [3] . 

Here is a short description of this note. The section 2 recall, in the first part, the context of special 
multi-flags, Cartan prolongation and the construction of the tower of projective bundles (1). In the second 
part we give a definition of "spherical prolongation" and the construction of the tower of sphere bundle (2). 

In a first part of section 3, wc expose the context of the kinematic system of an articulated arm and its 
properties. The proof of Theorem 1 is given in the last part of this section. 

2. Preliminaries 

2.1. Special multi-flags. 

A distribution D on a manifold M is an assignement D : x —i- C TM of subspace of of the tangent 

space TxM. A local vector field X on M is tangent to D if for any X{x) belongs to Dx for all x in the 
open set on which X is defined. A distribution is called a smooth distribution if there exists a set X of of 
local vector fields such that is generated by the set {X{x), X € X}, we then say that D is generated by X. 

In this paper any distribution will be smooth and we denote by T{D) the set of all local vector fields 

which arc tangent to D. Such a distribution will be called a distribution of constant rank if D defines is 
a subbbundle of TAf. According to [1] and [13], any pair {M,D) of a distribution of constant rank on a 
smooth manifold M will be called a differential system. Given two difl'crential systems (M, D) and (A*', A), 
we will say that {M,D,x) is locally equivalent to (A, A,j/) if there exists an open neighbourhood U of x 
in M and a diffeomorphism from U onto an open neighbourhood V ofy = 4>{x) in A^ so that 4>,t(D^u) = Ai^^. 

The Lie square of a distribution D is the distribution denoted which is generated by the sets T{D) 
and {[X, y], X,Y € T{D)}. The Cauchy characteristic distribution L{D) of a distribution D is the 
distribution generated by the set vector fields {[A:,y], X,Y € T{D) such that [X,Y]{x) € D^}. If L{D) is 
a distribution of constant rank, then it is an integrable distribution. 

A special multi-flag of step rn > 2 and length fc > 1 is a sequence (see [5]): 

T:D = DkC Dk-i C ■■■ C Dj C ■■■ C Di C Do = TM 

of distributions of constant rank on a manifold M of dimension {k + l)m + 1 which satisfies the following 
conditions: 

(i) = {D.f. 

(ii) Dj is a distributon of constant rank {k — j + l)m + 1. 

(iii) Each Cauchy characteristic subdistribution L{Dj) of Dj is a subdistribution of constant corank one 
in each Dj+i, for j = 1, ■ ■ ■ ,k — 1, and L(Dk) = 0. 

(iv) there exists a completely integrable subdistribution F C of corank one in D\ . 

In the following, a flag which satisfies conditions (i), (ii) but not conditions (iii)and (iv) will be just called 
a multi-flag of step m or a m-flag and we say that F is generated by D. 

The necessary and sufficient condition of a multi-flag to be a special multi-flag is given by the following result 
(see [1] Proposition 1.3 and [13] Theorem 6.2) ) 

Theorem 2.1. [1],[13] for k>2, a m-flag 

F :D = DkC Dk-i C ■■■ C Dj C ■■■ C Di C Do = TM 
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is a special multi-flag if and only if there exists a completely integrable subbundle F of Di of corank 1. 
Moreover, if such a subbundle F exists, F is unique. 

According to the previous the definition of a special multi-flag, we obtain the following sandwich diagram: 

Dk C Dfc-i C • • • C Dj C • • • C Dx C Do = TM 

u u • • • u • • • u 

L{Dk-i) CL{Dk-2) C---C i(Dj-i) C---C F 

All vertical inclusions in this diagram are of codimension one, while all horizontal inclusions are of codimen- 
sion k. The squares built by these inclusions can be perceived as certain sandwiches, i.e each "subdiagram" 
number j indexed by the upper left vertices Dj : 

Dj C Dj-x 
U U 

is called sandwich number j. 

We can read the length s of the special multi-flag by adding one to the total number of sandwiches in the 
sandwich diagram. 

In a sandwich number j, at each point x e M , in the (rn,+l) dimensional vector space Dj-i / L{Dj-i){x) we 
can look for the relative position of the m dimensional subspace L{D j-2) / L{D j-i)(x) and the 1 dimensional 
subspace Dj/L{Dj-i){x): 

either L{Dj-2)/L{Dj-x)(x) ® D^ / L{Dj-i){x) = Dj-i/L{Dj-i){x) 

or D,/L{D,.^){x) C L(D,_2)/L(D,_i)(x). 
We say that a; £ M is a regular point if the flrst situation is true in each sandwich number j, for j = 1, • • • ,k. 
Otherwise x is called a singular point. 



2.2. Cartan prolongation and tower of projective bundles. 

Let be D a distribution of constant rank m + 1 on a manifold M of dimension n. Classically the Grass- 
mannian bundle G{D, 1) on M is the set 

(3) GiD,l,M) ■= \J P{D{x),l) 

xeM 

where P{D{x), 1) is the projective space of the vector space D{x). So we have a bundle tt : G{D, 1) M 
whose fiber it~^{x) is diffeomorphic to the projective space RP™. The rank one Cartan prolongation 
is the distribution D'^' defined in the following way: given a point {x, A) £ G{D, 1) then 

(4) d[1\^ := dn-\X) C T^,,x)G{D, 1, M) 

where A is a direction of D{x). Then D*^^' is a distribution on G{D, 1, M) of constant rank m + 1. As in 
[13], for any m > 2 and fc > 1 we obtain inductively a tower of bundles: 

(5) > P^m) ^ P''-\m) -f > P\m) P"{ni) ■- K™+i 

where, for any j = 0, - ■ ■ ,k, P^{m) is a manifold of dimension [j + l)m + 1, and on each P^{m), Aj is a 
distribution which are defined inductively by : 

P^(fc) = G{A,-i,l,P'-\m)) and A,- = (A.-i)^^' for j = 1, • • • , fc and Ao = TW^+K We have then the 

following result : 

Theorem 2.2. [13] 

(1) On P'^{m), the distribution Ak generates a special multi-flag of step m and length k. 

(2) let be : D = Dk C D^-i C • • • C C • • • C Di C Do = TM a special 
multi-flag of step m > 2 and length fc > 1 . Then, for any x € M, there exists y & P'" (m) for which 
the differential system (P*(m), As, ?/) is locally equivalent to the differential system {M,D,x). 

Remark 2.1. 

The pari 2 of Theorem 2.2 can be found precisely in [13] called "Drapeau Theorem". However, according to 
the definition of a special multi-flag, we can easily deduce this result from Theorem 2 of [6] . 
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2.3. Spherical prolongation, Cartan prolongation and tower of sphere bundles. 

Let he D a. distribution of constant rank m + 1 on a manifold M of dimension n. Choose any riemannian 

metric g on M, and wc denote by S{D, M, g) the unit sphere bundle of D associated to the induced riemannian 
metric on D. So we get a bundle tt : S{D, M, g) — > M . On S(D, M, g), we consider the antipodal action of 
Z2. Clearly, the quotient of S(D, M , g) by this action can be identified with G{D, 1,M) and the associated 
projection t : S{D,M,g) G{D,1,M) is a bundle morphism over M, and also a two-fold covering. In 
particular r is a local diffeomorphism. On S{D,M,g) we consider the distribution Z)'^' defined in the 
following way 

(6) d[^'_^j := {v € T(^^^^)S{D, M,g) such that dit{v) = \v for some A £ R} 

where is a norm one vector in D{x). 

The distribution D^^^ is called the rank one spherical prolongation of (M, D, g) 

Remark 2.2. 

In fact, the unit sphere bundle of S{D,M) is defined as soon as we fix some riemannian metric on D. In 
this case, the distribution D'^' is also well defined. 

Lemma 2.1. 

(i) we have t,D^'^^ = D*-^^ 

(ii) There exists a canonical riemannian metric g on S{D,M,g) which is uniquely defined from the 
riemannian metric g on M. 

Proof. 

At first we show part (i) locally. Choose a chart domain U over which D is trivial. We choose an orthonormal 
frame {eo, ■ ■ ■ e-m} of D over U. Without loss of generality we can assume that D^u = R" X R"+^ so, the 
bundle S{D, M, g)^u is isomorphic to to R" x $™ and G{D, 1, M)^u is isomorphic to R" x RP"". So locally, 
T : R" X ->■ R" X RP"" is the map (x, v) — >■ (x, [u]) where [u] is the line bundle generated by v. Prom the 
definition of dS^' , and r ,n we have T*(Z)P' A = D^V r n- As r is a local diffeomorphism we get the 

part (i) locally. On the other hand, the map d : S{D,M,g) — >■ S{D,M,g) given by a{x,v) = (a;, — i^) is a 
diffeomorphism which commutes with r. Prom the definition of of D^^\ we get 

This ends the proof of part (i). 

Por part (ii), denote by g the canonical riemannian metric on TM associated to g. As, S(D, M ,g) can be 
considered as a submanifold on TM we get an natural induced riemannian metric g on S{D, M,g). 

□ 

Let be go and g\ two riemannian metrics on M. We denote by Si{D, M) the sphere bundle of D associated 
to the metric gj, and Z)!^' the spherical prolongation of (M, D, gi) for i = 0, 1. 

Lemma 2.2. 

There exists a canonical isomorphism of sphere bundle 4> ■ So{D,M) — >■ Si{D,M) such that V'*(Dq^') = Z)[^' 
Proof. 

Let he D° = \J [D^ \ {0}]. Then D° is an open submanifold of D G TM. On D° we consider the map 

xeM 

^{x, u):D°^ D° defined by 

= {x, " ). 

[gl(u,M)]l/2 

If n : Z) — > M is the projection bundle, for any {x, u) £ D, there exists a neighbourhood tj = n~^({7) n D° 
of (a;, u) in D° such that over this open, TD°^ can be identified with IJ x TxM x Dx. Then, In this context, 
we have : 

It is easy to sec that ^ is a diffeomorphism from D° into itself which commutes with II and which sends 
So{D, M) to S]_(D, M). So the restriction of to So{D, M) is a diffeomorphism onto S]_{D, M). Moreover, 
from (7), d^ map the the linear span Rm into itself, for any u in the fiber D% over x. So we have 



□ 
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Consider a differential system (M', D') and 4> : M ^ M' an injective immersion such that 4't{Dx) C D'^(^~^ 
for any x € M. Given any riemanian metric g' on M' , we get an induced riemannian metric p on M and 
we can consider the associated spherical prolongation then we have: 

Lemma 2.3. ; 

in the previous context, let be 4> : S{D,M,g) — > S{D' , M' , g') the map defined by 

4>{x,v) = {(t>{x),d^(j>{y)). 

Then 4> is a bundle morphism over which is an injective immersion and such that 

(i) 4>{S{D,M,g)) = S{MD),HM),g') 

(ii) <^.pW) = C 

Moreover, if (j) is a diffeomorphism such that (j)»{D) = D' , then 4> is also a diffeomorphism and we have 
0*(-D'^') = (_D')'^1 and the riemannian metric 4>*g' is nothing but the canonical metric g naturally associated 
to g on M. 

Proof. 

As in Lemma, consider the map <f>(x,u) = {<j){x),dx<j){i^))- From our assumptions , we get a smooth map 
from S{D, M, g) to S{D' , M', g') and from its definition, clearly (f) is a, bundle morphism over (j). As </> is an 
injective immersion, it follows that at first ^ is injective. 

Note that the tangent space T(^x,iy)Sx of the fiber Sx over x of S{D, M,g) can be identified with 

{v e Dx such that giv^v) = 0}. 

Now any V € T(^x,i')S{D, M,g) can be written V — {u, v) with u G TxM and v £ T^x,i^)Sx- So we have then: 

(8) d(x,v)4>{u,v) = {dx(t>{u),dx(j>{v)) 
So, (j) is an immersion, from (8). 

On the other hand, as <j)*g' = g, dx4> is an isometry on its range, and then, dx(f){Sx) is the fiber over 4>{x) 
of S{4>»{D),4){M),g') and we get (i). 

Let be tt : S{D, M, g) -¥ M and tt' : S'{D' , M' , g') — ^ M' the natural projections. We have then : 

dit' o d0 = d<f) o cZtt 

So, we get : 

{<^,(£)W)}^(^_^) ={4(m,w), {u,v)£T(x,,)S{D,M,g) d%{u,v) = Xu A e R} 

= v), {u, v) € T(^x ,^)S{D, M, g) dtfi o dn{u) = dn' o d4>{u, v) = Xd(t>{i') A e K} 

this ends the proof of (ii). 

Assume now that is a diffeomorphism such that 4>*{D) = D' and let be i/> = 4>~^ . From the definition 
of and t/i , it follows trivially that ip o <f) — Id. On the other hand, from the definition of [(?i»(_D)]'^', as dx(l> 
is an isomorphism, wo must have 

= {(£>') Finally, by assumption, is an isometry from {M,g) to {M',g'), dcj) is 
also an isometry for {TM,g) and {TM',g') if g and g' are the canonical riemannian metric on the tangent 
bundle induced by g and g' respectively. As by construction g and g' are the restriction respective of g and 
g' to S{D,M,g) C TM and S{D',M',g') C TM' we get the last property and this ends the proof of the 
Lemma. 

□ 

So, as in the context of Cartan prolongation, for any m > 2 and fe > 1 we can define, inductively, a tower 
of sphere bundles (for a fixed choice of the metric g on a manifold M): 

(9) P'=(M) P'="^(M) -> >■ P^(M) ->■ P°{M) := M 

where, for any j = 0, - ■ ■ ,k, P^{M) is a manifold of dimension (j + l)m + 1, and, on each P^{M) we have 
a canonical distribution Aj and a riemannian metric gj on P^{M), all defined inductively in the following 
way : 

P^(M) = 5(A,_i,P^-i(M),<7,_i), 

Aj = (Aj_i)[^l for j = 1, • • • , fe and A„ = TM, 

gj is the riemannian metric gj-\ on S(Aj-i, P^^^ (M), gj-i) associated to gj-i for j = 1, • • • ,k and go = g. 

Note that if g' is another riemannian metric on M, according to Lemma 2.2 and Lemma 2.3, by induction 
we get a family of diffeomorphisms ip^ such that, if : 
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> P'*'{M) -5. P"=-i(M) )■ P'^{M) P'°{M) := M 

is the tower of sphere bundles associated to the choice g' on M we have, for all j = 0, • • ■ ,k : 

1/)-' is fiber preserving 

So the properties of the tower (9) is independant of the choice of the riemannian metric g on 

M. For simplicity we write (m) := _P-' (M'"+^) for any j £ N. From Theorem 2.2, and Lemma 2.1 we get : 

Theorem 2.3. Let be 

(10) P'=(m) ^ P'=-'(m) y P\m) P\m) := R'"+' 

the tower of sphere bundles associated to the canonical metric on K'"+^. 

(1) we have a canonical two-fold covering Tk ■ P''{m) P''{m) such that 

(2) On each manifold P''{m), the distribution generates a special multi-flag of step m and length k. 

(3) let be T : D = Dk C Dk-i C • • • C Dj C • • • C /3i C Do = TM a special multi-flag of step m > 2 
and length A; > 1. Then, for any x € M, there exists y € P''{m) for which the differential system 
(P*(m), As, J/) is locally equivalent to the differential system {M,D,x). 

The tower (10) will be called the spherical tower of special multi-flags of step k. 

3. Tower of sphere bundles associated to a kinematic system 
3.1. A kinematic system for special multi-flags. 

We locate us in the context of[4] and [12]. Consider a serie of k segments [Mj; Mi+i], i = 0, • • • , fc — 1, in 
R'""'"^, with m > 2, keeping a constant length k = 1 between Mi and Mj+i, and the articulation occurs at 
points Mi, for i = 1, • • • ,k — 1. 

Such a system is called a "k-bar system" in [4] and an "articulated arm of length fe" in [12]. The kinematic 
evolution of the extremity Mo, under the constraint that the velocity of each point Mi, i = 0, - ■ ■ , fc — 1, is 
collinear with the segment \Mi,Mi+\\ is completely described in terms of hypersperical coordinate in [12] 
and result of flatness and controllability for such a system are proved in in [4]. Wc can associated to this 
problem a special multi-flag of step m > 2 and length fc > 1 as explained in the following: 

We can decompose into a product x • • -Rf +1 x • • -R^+V Let Xi = {x\, ■ ■ ■ ,a;f +^) be 

the canonical coordinates on the space R™^"*"^ which is equipped with its canonical scalar product < , >. 
j-jjm+i-jfc+i jg then equipped with its canonical scalar product too. 

Consider an articulated arm of length k denoted by (Mo, • • • Mk). On (R™'+^)'^+^, consider the vector 
fields: 



(11) Zi=Y^ (a;r+i - ^i)-Q-F for i = 0, • • • ,fc - 1 

r=l * 

Prom our previous assumptions, the kinematic evolution of the articulated arm is described by a controlled 
system: 

a — 1 m+1 

(12) g = ujZi + u„+r - 



d 



i=0 



with the following constraints: 

||a;i - Xi+ill = 1 for i = • • • fc - 1 (see [4] or [12]). 

Consider the map 'ifi{xo, ■ ■ ■ ,Xk) ~ \\xi — Xi+i\\^ — 1. Then, the configuration space C^{m) is the set 
(13) {{xo, ■ ■ ■ ,Xk), such that '^i{xo, ■ ■ ■ ,Xk) = for i = 0, • • • ,fe — 1} 

For i = 0, • • • , fc — 1, the vector field: 

m + 1 p. 

(14) 

is proportional to the gradiant of 

So the tangent space TqC"{k) is the subspace of rq(R'"+^)*+^ which is orthogonal to Afi{q) for i = 0, • • • , fc-1. 
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Denote by £k the distribution generated by the vector fields 



d 



Lemma 3.1. [12] 

Let T>k he the distribution on C'^{m) defined by A(g) = TqC n £. Then Vk is a distribution of dimension 

m+1 generated by 

{xl-xl.,)[Y, n AZi\ + ^ forr = l---m+l 



=0 j=i+\ 



k 



where Aj{q) = — < A/j(g), A/}-i(g) >=< Zj{q),Nj-i{q) > for j = 1, - ■ ■ ,k — 1 and Ak = 1- 
Remark 3.1. ; according to notations of Lemma , we set 

fe-l fe k-l fe-1 k-2 fc-2 

^>'=(z. n -^^-^'i = E n -^^-^^i + ^'=-1 ^>'-^ = E n -^^-2* + ^'^-^i 

i=0 J=<+1 2=0 j=i+l i=0 j=i+l 

m+1 

ySo we have Yk = [^^(a;! — xl._i){x%_i — x%_2)]Yk-i + Zk-i- Moreover, is generated by the family 

r=l 

{{xl - xl_i)Yk + r = l---m+l} 

The properties of Vk are summarized in the following result, (see [12] also [4]) 
Theorem 3.1. 

OnC^{m), the distribution "Dk satisfies the following properties: 

(1) Vk is a distribution of rank m+1. 

(2) The distribution T>k is a special multi-flag on C''{m) of step m and length k. 

3.2. Kinematic system and spherical prolongation. 

To an articulated arm on R"'+^ (m > 2) of length fc > 1 we can associate the following canonical tower 
of sphere bundles: 

(15) C*(m) ^ C'"\m) ^ > C\m) C°(m) - R"+i 

where for j = 1, ■ ■ ■ k, the projection C^(m) — > C^~^{m) is the restriction of the canonical projection 
R^+i X • • • +1 X • • • X RJ'+i R^+i X • • • Rf +1 x • • • x R™L+/ 

(Xo,- ■ ■ ,Xj-l,Xj) {Xo,--- ,Xj-l) 

According to Theorem 3.1, and Theorem 2.3, we know that the differential system (C'°(m),Pfe)) asso- 
ciated to an articulated arm of length k on R*""*"^ is locally isomorphic to the canonical differential system 
{P''{m), Ak) at some appropriate points. In fact, we have more: (see Theorem 1 in the introduction) 

Theorem 3.2. 

For each k > 1 and m > 2, there exists a diffeomorphism from P'^im) on C''(m) such that: 

(i) if ■k'^ : P'^{m) — > P''~^{m) and p^ : C^{m) —^Ck — l(m) are the canonical projections, we have: 

(ii) ^^,{Ak)=Vk 

So according to Theorem 2.3 from Theorem 3.2 we have : 

Theorem 3.3. Let be T : D ^ Dk C Dk-i C ■ ■ ■ C Dj C ■ ■ ■ C Di C Do = TM a special multi-flag of 
step m > 2 and length k > 1. Then, for any x € M, there exists y € C'°(m) for wich the differential system 
{d'{m),T>k,y) is locally equivalent to the differential system {M,D,x) . 



The end of this section is devoted to the proof of Theorem 3.2. At first, we need some auxiliary results. 
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Lemma 3.2. 

For k > 1, consider, on C''{m), the natural decomposition: 

where [TC'°(m)]^ is the orthogonal of TC^ {ni) and denote by Ilk the orthogonal projection of 
|-j,^j^m+i-jfc+ij^^^^^^ onto TC^ijn). On the other hand, let Ck be the involutive distribution whose leafs are 
the fibers of the natural fibration ofC^{m) onto C'°^^(m). 

d 

(1) The family vector fields {nfe(-^-^), r = 1, • • • m + 1} generates the distribution Ck- 

"^k 

fe-i k 

(2) The distribution T>k, is generated by Ck and the vector field Xk = AjZi + Vk 

i=0 j=i+l 

m+1 Q 

where Vfc = ^ {xl - xl_i)-^. 

s— 1 ^ 

(3) The distribution Vk is also generated by the family of vector fields 

{xl-xl_^)Xk + Uk{-£^) 

Proof. 

Let be Hk the subdistribution of £k generated by the family vector fields {— — ,r = 1, ■ ■ ■ m + 1}. So 

9x1 

'Hk C\TC''{m) is a distribution on C^ijn) which is contained in T>k- In fact, we have 

£fe = kerd^fe-i P|Hfe = nfc(?^fe). 

So Ck is generated by the family vector fields {Ilfcf-;-^), r = 1, • • • m + 1}. On the other hand, as T-Lk is the 
vertical bundle of the canonical projection 

X K^+i ^ X • • • X K^_Y 

{Xo,--- ,Xk-l,Xk) ->■ (Xo, • • • 

it follows that Ck is also the vertical bundle of the induced projection of C''{m) onto C'°^^(m). On the other 
hand, the fiber over q € C''~^{m) of the previous fibration is the unit sphere Sq = {{q, Xk) ■ Xk) = 0} 

which proves (1). 

m+l Q 

The vector field Vk = {xk — Xk-i)-^—^ is vertical for the projection (16) and is orthogonal to each Sq. 
As ||Vfc|| = 1 we thus have: 

(17) n^(a^) = 9j^-(^^-^'*-i)"^^ 

From Lemma 3.1, T>k is generated by the family {{x'k — a;fc_i)[^^ ■A-jZi] + -^-^ for r = 1 • • • m + 1}. 



i=0 j=i+l "^fc 



fc — 1 k m + l ^ 

o 



So the vector field ^fc = ]^ AjZi] + [^{xl — x^_i)^--^] is tangent to T>k but clearly this vector fields 

j — i + 1 r— 1 ^ 



is not tangent to Ck- As Vk is a distribution of constant rank m + l and Ck is an (integrable ) subdistribution 

of rank m, it follows that Vk is generated by Ck and Xk which proves (2) . 

fe-i fc Q 

On the other hand, according to (17), each vector field (x^ — a;^_i)[^^ -AjZi] + -^—^ can be written 



=0 i=i+l 



k 



{xl-xl_^)Xk + nk{-^) 

According to Lemma 3.1 we get (3). □ 
Proposition 3.1. 

(1) There exists a bundle isomorphism if : Vk ^ C'°(m) x E'"+^ 

(2) Let be 7fc a riemmaniann metric on the bundle Vk so that the morphism if is an isometry between Vk and 
C'°{m) X R'"+^ (for the canonical euclidian product on the fiber W^'^^ ). Then if induces a diffeomorphism 
* : S(Ofc,C*=(m),7fe) -^C''+\m) such that 

(i) ^' commutes with the canonical projections S{Vk,C''{m),'yk) C*'(m) and C''~^^{m) C'°(?n). 
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(ii) =I?fc+i. 
Proof. 

Prom Lemma 3.2 part (3), the bundle Vk has m + 1 non-zero global sections 

(18) ixl-xl_,)Xk+Uki-^) forr = l---m + l 

SO Vk is a trivial bundle. It follows that there exists a bundle isomorphism 
* : ©fc C''{m) X K'"+i which ends part (1). 

Put on the ricmamiiau metric -yt = 'i'*g where g is the canonical euclidian product on R"*"*"^. Now 
the map f : x (E™+i)'=+2 defined by 

r(a;o,a::i, • • • ,Xk,z) = {xo,xi, • • • ,Xk,Xk + z) 

is a diffeomorphism. So the restriction T of f to C*(m) x$™ is a diffeomorphism V : C''{m) xS™ C'°+^(m). 
Finally, '5' = ro^f induces, by restriction, a diffeomorphism ^ : S{Vk , C*^ (m) , 7^ ) C'°'^^ (m) which commutes 
with the canonical the projections: 

S(Dfc,C'=(m),7fe) ^C'^M and C^+'M ^ C'=(m). 

On we have a riemannian metric so that the global basis given in (18) is orthonormal. It follows that 
the map * : S{Vk,C''{m),^h) ->■ C'^^^{m) is given by 

*((a;o,a;i, • • • ,Xk,i>) = {{xq,xi,--- ,Xa,Xk + 

So, in the global chart of S{Vk,C''{irL),^k) defined by ^, according to (18), the spherical prolongation 
(2?fc)'^' of ©fc is generated by the tangent space to the sphere centered at {xo, ■ ■ ■ ,Xk) and the vector field: 

m + l m + 1 Q 

Yk+1 = ^ (a;fc+i - xl){xl - xl_i)Xk + ^ (x^+i - xl)Uk{—) 

r=l r=l ^ 

According to (17) and the value of Xk, this vector field can be written 

m+1 fc — 1 k Q 

^{{xl+i - xl){xl - xl_i)\^ AjZi+Vk\ + {xl+i-xl)[— -{xl-xl_i)Vk]} 

r=l i— J — i+l ^ 

m + 1 k—lk Q 

= ^{ixl+i-xl)ixl-xl.i)[Y^ Yl AjZi] + {xl+i-xl) — } 

r=l i=0 j=i+l 

m+1 Q 

Note that {xk+i — Xk)-^—p = Zk- So according to Remark 3.1, applied at level fe + 1, we have 

r— 1 

m + 1 

Yk+i = {xl+i - Xk)ixk - Xk-i]Yk + Zk- 

r=l 

and the distribution Vk+i is generated by 

{{xk+i - Xk)Yk+i + f r = 1 • • • m + 1} 
o'^fc+i 

Again from Lemma 3.2 part (2), at level fc + 1 we get: 

^4{Vkf^] = Vk+i 

□ 

Proof of Theorem 3.2 

Note that on the tangent bundle TE™"'"^ , we can put the global chaxt defined by the map {xi,X2) — > 
{xi,X2 — xi). On the other hand, the riemannian metric gi on TR'"+^ induces by the canonical metic g is 

again the canonical metric on the product R'"+^ x R^+V It follows that S'(TR'"+\ R'"+^) C rR'"+^ can be 
identified with R'^+i x S'' as submanifold of R™+^ x R^+i So we have 

r(,,,)S(r]R'"+\R'"+') = {{u,v) e T(,,,)(r"+' x R'"+') such that g{u,u) = 0}. 

m+1 Q 

Recall that Zo = ^^{xi — a;^)-^— ^ on R'"+^ x R^'^^. In the previous coordinates, any tangent vector of 

r=l ''^O 

R"*"*"^ at a point xi can be written {xi,X2 —xi). So, Zo defines a global section of the unit bundle associated 

to TR'^+i 

According to Lemma 3.2, the distribution Vi is generated by 
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R^o and T$™ in TR'^+^ x ITS™- = TS{TR'^+\W^+^). If Hi : R"'+^ x ^ K'"+^ denote the natural 
projection , for any v = XZq + w € with w € TS*", we have rfni('(;) = Xu so, Ai = (rR'"+^)[^' and 

we get the result for k — 1. 

Assume that we have a diffeomorphism : P''(m) — ^ C^{m) which satisfies the properties (i), and (ii) 
of Theorem 2.3. 

Prom Proposition 3.1, we have diffeomorphism : S{'Dk,C'° {m),'yk) C*+^(m) so that 
= ffc+i and which commutes with the natural projections 

S{Vk,e''{m),jk) ^C'im) and C*+'(m) C*^(m) 

According to previous induction, we can put on P^{rn) , the riemannian metric 
7fe = (*'°)*(7fc)- Prom Lemma 2.3, we can extend : P^{m) — >• C^{m) into a diffeomorphism i*" : 
S{Ak,P''{m),%) S{'Dk,C'^{m),^k) such that i>*[(Afc)[^'] = (2?^)'^' and which commutes with the natural 
projections 

5(Afc,P'=(m),7fc) ^-P*(m) and C''+\m) ^ C'' {m) 

Finally, according to Lemma 2.2, when we put on P''(rri) the riemannain metric induces by induction on the 
tower bundle (9), wc also have a diffeomorphism 

$ : P*"'"^(m) 5(Afc, _P*(m), 7fe) which commutes with the canonical projections 
P''+\m)^P''im) and S{Ak,P''{m),%) ^ P^m) 
and such that 3>*(Afc+i) = A^^'. 

□ 

4. Conclusion 

According to Theorem 2.3 and Theorem 3.2, from towers (10) and (15) we get the following diagram each 
vertical map is a 2- fold covering for fc > 1: 

••• ->-C*(m) ^■C'=-i(m) ^■Ci(m) C°(m) := R'"+i 

■J' 4" ' ' ' 4' 4' 

••• ^■P'=(m) -^P''-\m) ^•Pi(m) P° {m) := R"'+^ 

Taking in account the results of [2] and [3], in a for coming paper ([7]) we will give the direct links 
between the " RVT" code for curves and the definitions of singularities classes given in [5] and [6] and also 
their interpretation in the previous kinematic system (articulated arms) which are defined in [11]. 
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